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Hyperbolic Plateau problems 

1 Introduction. 

In this páper, by establishing a form of the Schwarz lemma adapted to Cheeger/Gromov 
convergence, we shall prove the existence of constant Gaussian curvature solutions in M 3 
of Plateau problems of hyperbolic type. 

Let H 3 be three dimensional hyperbolic space and let <9ooHI 3 be its ideál boundary (see, for 
example, [1]). The ideál boundary of H 3 may be identified canonically with the Riemann 
sphere C. In this context, we define a Plateau problém to be a pair (S, (p) where S 
is a Riemann surface and ip : S — > dooM 3 is a locally conformal mapping (i.e. a locally 
homeomorphic holomorphic mapping). The Plateau problém (S, <p) is said to be of hyper- 
bolic, parabolic or elliptic type depending on whether S is hyperbolic, parabolic or elliptic 
respectively. 

Let UM 3 be the unitary bundle over H 3 . For i : S — > H 3 an immersion, using the canonical 
orientation of S, we may define the unit normál exterior vector field N over S. This field 
is a section of UM 3 over i. We define the Gauss lifting i of i by i = N. For 6 (0,1), a 
solution to the Plateau problém (S, ip) is an immersion i of constant Gaussian curvature k 
such that, if we denote by ~n the Gauss-Minkowski mapping of H 3 which sends UM 3 into 
dooM 3 , then the Gauss lifting i of i satisfies: 

<p = ~n o i. 

In the case where S is a Jordán domain in dooM 3 and <p is the canonical embedding, 
the existence and uniqueness of solutions to the Plateau problém was initially solved by 
Rosenberg & Spruck in [8]. Rosenberg & Spruck view the Plateau problém as a Dirichlet 
problém with asymptotic boundary conditions in d^H 3 and using a classical approach to 
the treatment of Monge-Ampěre equations are able to find, for any topologically embedded 
(n — l)-sphere S in 9ooH n+1 , a constant Gaussian curvature hypersurface of H n+1 whose 
asymptotic boundary coincides with S. The generál Plateau problém in dimension 3 was 
solved for a large class of Hadamard manifolds by Labourie in [5]. Labourie shows that, for 
M a three dimensional Hadamard manifold, the Gauss lifting of a hypersurface of constant 
Gaussian curvature in M is a holomorphic curve in the unitary bundle UM of M. Using 
techniques of holomorphic curve theory, Labourie is able to establish various existence and 
uniqueness results for solutions to the Plateau problém. In this context, the results of 
this article may be viewed as an extension of the results of [5] for the Hadamard manifold 
H 3 . In [10] we will use the results of this páper to establish a link between the family of 
constant Gaussian curvature hypersurfaces in H 3 having cylindrical ends and the family 
of meromorphic mappings over a given compact Riemann surface S. We believe that this 
equivalence will be of use in the study of the Teichmuller theory of compact surfaces with 
marked points. 

We obtain the following results concerning Plateau problems in H 3 : 
Theorem 1.1 Existence. 

Let (p : D — > C be locally conformal. Then, for every k G (0, 1), there exists a unique 
solution ik : D — > H 3 to the Plateau problém (D, p) with constant Gaussian curvature k. 
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Theorem 1.2 Continuity. 

Let k E (0,1) be a real number between and 1. Let ((p n ) ne fq, ip : D — > C be locally 
conformal mappings. Let (z n ) n€ N, «o : © ^ H 3 be immersions such that, for all n, the 
mapping i n is the unique solution to the Plateau problém (B, <p n ) with constant Gaussian 
curvature k. 

If ((p n )neN converges to <po locally uniformly, then (« n ) n6 N converges to Iq in the C^ c 
topology over D. 

In the first part of this páper, we provide a brief introduction to the theory of immersed 
submanifolds and discuss Cheeger/Gromov convergence. In the second section, we 
study briefly the geometrie structure of the unitary bundle UM 3 over H 3 , we denně k- 
surfaces and show how they are related to holomorphic curves in UB 3 . In the third 
section, we establish the quasiconformal equivalence of certain conformal structures 
that may be defined over /c-surfaces. In the fourth section, we define the Plateau problém 
and we recall existing results established by Labourie in [4] and [5] . In the fifth section, we 
establish the Cheeger/Gromov adapted Schwarz lemma. In the sixth section, we show 
how this lemma may be elegantly used to obtain a compactness result for fc-surfaces of 
hyperbolic type. Finally in the seventh section, we show how this compactness result 
immediately yields theorems 1.1 and 1.2, and how these results may be summarised in 
terms of a homeomorphism between two spaces. 

The results of this páper lead one to pose the following question: 

Question 1.3 

let D be the unit disc in M 2 . Let V be the set of local homeomorphisms f : D — > <9ooIHI 3 for 
which there exists a solution to the Plateau problém (f,D). The group of homeomorphisms 
of S 2 acts on each element of V by leň composition. Let Fix(P) be the subgroup of the 
group of homeomorphisms of S 2 which preserves V . What (if any) geometrie information 
is contained in the group Fix("P) ? 

This question is motivated by the following considerations: More generally, if S 2 denotes 
the unit sphere, then the group Homeo(-D) of homeomorphisms of D acts on the set of 
local homeomorphisms from D into S 2 by right composition. Let T be a family of local 
homeomorphisms from D into S" 2 which is preserved by the action of this group. For 
example, the family V satisfies this property. Another such family is the family Ti defined 
such that, if we denote by C the canonical conformal structure of S 2 , then / e Ti if and 
only if the surface D with the holomorphic structure /*C is conformally equivalent to the 
Poincaré disc D. 

We now consider, for any such family JF, the subgroup Fix(jF) of homeomorphisms of S 2 
which preserve T . For example, it is a non-trivial result [2] of M. Bonk, that Fix(Tť) 
is a proper subgroup of the group of homeomorphisms of S 2 (in otherwords, there exist 
homeomorphisms of S 2 which do not preserve Ti). Consequently, the group Fix(Tí) (and 
thus also the family Ti) contains stronger geometrie information than just the topological 
structure of S 2 . 
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The results of this páper show that H is contained in V. If we were to show that H 
coincides with V, then we would find that Fix(P) (and thus also the family V) contains 
geometrie information beyond the topological structure of S 2 . Even if this were not the 
case, if we show that Fix(V) is a proper subgroup of Homeo(5' 2 ), then it follows that Fix(V) 
nonetheless contains geometrie information. In particular, since we may define V with S 2 
replaced by the ideál boundary of any one of a large family of hyperbolic manifolds, we 
would thus obtain a geometrie structure over S 2 which may be generalised to these cases. 

1 would like to thank Frangois Labourie for his guidance and his many helpful suggestions. 

o 

2 Immersed Surfaces - Definitions and Notations. 

2.1 Deňnitions. 

In this section we will review basic definitions from the theory of immersed submanifolds 
and establish the notations that will be used throughout this páper. 

Let M be a smooth manifold. An immersed submanifold is a pair E = (S, i) where S is 
a smooth manifold and i : S — > M is a smooth immersion. An immersed hypersurface 
is an immersed submanifold of codimension 1. 

Let g be a Riemannian metric on M. We give S the unique Riemannian metric i*g which 
makes i into an isometry. We say that E is complete if and only if the Riemannian 
manifold (S, i*g) is. 

2.2 Normál Vector Fields, Second Fundamental Form, Convexity. 

Let E be a hypersurface immersed in the Riemannian manifold M. There exists a canonical 
embedding i* of the tangent bundle TS of S into the pull-back i*TM of the tangent bundle 
of M. This embedding may be considered as a section of End(T5', i*TM). We denote by 
TE the image of TS under the action of this embedding. 

Let us suppose that both M and S are oriented. We define NT C i* TM, the normál 
bundle of E, by: 

NE = TE ± . 

NT, is a one dimensional subbundle of i* TM from which it inherits a canonical Riemannian 
metric. Using the orientations of S and M, we define the exterior unit normál vector 
field, N s G T(S, NT), over E in M. This is a globál section of iVE which trivialises this 
bundle. We define the Weingarten operátor, A%, which is a section of End(TS', TE), 
by: 

Ax(X) = (z*V) x N E . 

Since there exists a canonical isomorphism (being z*) between TE and TS, we may equally 
well view as a section of End(T5'). This section is self-adjoint with respect to the 
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canonical Riemannian metric over S. We thus define the second fundamental form, 
II-s, which is a symmetric bilinear form over TS by: 

IHX,Y) = (AxX,Y). 

E is said to be convex at p e S if and only if the bilinear form J/ s is either positive or 
negative definite at p. E is then said to be locally convex if and only if it is convex at 
every point. Through a slight abuse of language, we will say that E is convex in this case. 
Bearing in mind that the sign of IIy. depends on the sign of N^, which in turn depends 
on the choice of orientation of S, if E is convex, then we may choose the orientation of S 
such that II-e is positive definite. Consequently, in the sequel, if E is convex, then we will 
assume that 11% is positive definite. 

2.3 Curvature. 

For i E {0, let us denote by & : End(M n ) — > IR the i'th symmetric function over 

End(M n ). Thus, for all matrices A and for all real t: 

n 

Det(J + L4) = ^&(A)ť. 

i=0 

The group GL(M n ) acts on End(M n ) by the adjoint action which we denote by Ad. Thus, 
for all A, B E End(M n ): 

Ad(A) ■ B = ABA- 1 . 

For all i, the function £j is invariant under the adjoint action of End(lR n ) on itself. For 
this reason, for any manifold M, and for all i, the function £j defines a unique mapping 
Íí : r(End(TM)) -> C°°(M). For simplicity, we will denote & also by ^. 

Let E be an oriented hypersurface immersed in an oriented Riemannian manifold M of 
dimension n+ 1. For all i G {0, ...,n}, we refer to the function ^i(A^) as the z'th higher 
principál curvature of E. In particular, ^i(A^) is the mean curvature of E, which is 
also denoted by iřs, and £n(A-z) is the Gaussian curvature of E, which is also denote 
by fen. 

In this páper, we study oriented surfaces of constant Gaussian curvature immersed into 
three dimensional hyperbolic space. 

2.4 Pointed Manifolds, Convergence. 

In this páper, we use the concept of Cheeger/Gromov convergence for co mp lete pointed 
immersed submanifolds, which we explain in this section. 

A pointed Riemannian manifold is a pair (M, p) where M is a Riemannnian manifold 
and p is a point in M. If (M,p) and (M',p') are pointed manifolds then a morphism 
(or mapping) from (M,p) to (M',p') is a (not necessarily even continuous) function from 
M to M' which sends p to p' and is C°° in a neighbourhood of p. The family of pointed 
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manifolds along with these morphisms forms a category. In this section, we will discuss 
a notion of convergence for this family. It should be borne in mind that even though 
this family is not a set, we may consider it as such. Indeed, since every manifold may 
be plunged into an infinite dimensional real vector space, we may discuss, instead, the 
equivalent family of pointed finite dimensional submanifolds of this vector space, and this 
is a set. 

Let (M n ,p n ) n€ N be a sequence of complete pointed Riemannian manifolds. For all n, we 
denote by g n the Riemannian metric over M n . We say that the sequence (M n , p n )neN con- 
verges to the complete pointed manifold (M 0: po) in the Cheeger/Gromov topology 
if and only if: 

(i) for all n, there exists a mapping cp n : (Mo,po) — * {M n ,p n ), 

such that, for every compact subset K of M , there exists N e N such that for all n ^ N: 

(i) the restriction of (p n to K is a C°° diffeomorphism onto its image, and 

(ii) if we denote by go the Riemannian metric over Mq, then the sequence of metrics 
(Vn^n^N converges to g in the C°° topology over K. 

We refer to the sequence (y? n ) n eN as a sequence of convergence mappings of the sequence 
(M n ,p n ) n6 N with respect to the limit (Mq,pq). The convergence mappings are trivially 
not unique. However, two sequences of convergence mappings (y? n )neN and (<p' n )n€N are 
equivalent in the sense that there exists an isometry of (M ,p Q ) such that, for every 
compact subset K of M , there exists N e N such that for n ^ N: 

(i) the mapping (v?" 1 o (p' n ) is well defined over K, and 

(ii) the sequence (y" 1 o <f' n ) n ^N converges to in the C°° topology over K. 

One may verify that this mode of convergence does indeed arise from a topological structure 
over the space of complete pointed manifolds. Moreover, this topology is Haussdorf (up to 
isometries). 

Most topological properties are unstable under this limiting process. For example, the 
limit of a sequence of simply connected manifolds is not necessarily simply connected. On 
the other hand, the limit of a sequence of surfaces of genus k is a surface of genus at most 
k (but quite possibly with many holes). 

Let M be a complete Riemannian manifold. A pointed immersed submanifold in M 
is a pair where E = (S, i) is an immersed submanifold in M and p is a point in S. 

Let (E n ,p n ) n€ N = {SniPni *n)neN be a sequence of complete pointed immersed sub- 
manifolds in M. We say that (E n ,p n ) n€ N converges to (E ,po) = (^o? Po, *o) m the 
Cheeger/Gromov topology if and only if (S n ,p n ) ne ?q converges to (Sq,po) in the 
Cheeger/Gromov topology, and, for every sequence (</? n )neN of convergence mappings of 
(S n ,Pn)neN with respect to this limit, and for every compact subset K of So, the sequence 
of functions (i n o (f n ) n ^N converges to the function (z o cp ) in the C°° topology over K. 

As before, this mode of convergence arises from a topological structure over the space of 
complete immersed submanifolds. Moreover, this topology is Haussdorf (up to isometries). 
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2.5 "CoHimon Sense" Lemmata. 

In order to make good use of the concept of Cheeger/Gromov convergence, it is helpful 
to recall some basic lemmata concerning the topological properties of functions acting on 
open subset of IR n . The results that follow are essentially formal expressions of "common 
sense" . To begin with, we recall a result concerning the inverses of a sequence of functions 
that converges: 

Lemma 2.1 

Let Q C M n be an open set. Let (/ n )neN) fo '■ ^ ~~ * ^ n be such that, for every n, the 
function ji is a homeomorphism onto its image. Let Q' be the image of fž under the action 
of fo. If (/ n )neN converges towards fo locally uniformly in O as n tends to infínity, then 
the sequence (/~ 1 ) n£ N converges towards f ~ x locally uniformly in fž' as n tends to infínity. 

To be precise, for every compact subset K in O', there exists N e N such that, for 
every n ^ N, the set K is contained within / n (0) and (f~ 1 ) n ^N converges towards / _1 
uniformly over K. 

Moreover, if every f n is of type C m and if (/ n )neN converges to fo in the C{£ c topology, 
then (/ ? 7 1 )n6N aiso converges towards f^ 1 in the C(£ c topology. 

We recall a result concerning the injectivity of the limit: 

Lemma 2.2 

Let fi C 1™ be an open set. Let (/ n )neN) fo ■ ^ ^ n be such that for every n > 0, 
the function f n is a homeomorphism onto its image. If (/ n )neN tends towards fo locally 
uniformly, and if, moreover, fo is a local homeomorphism, then fo is injective. 

We recall a converse of this result for C 2 functions: 

Lemma 2.3 

Let Q C M n be an open set. Let (f n ) nE ^, fo:Q^ W 1 be C 2 functions such that (/ n )n6N 
converges towards fo in the C 2 oc topology as n tends to infínity. If fo is a diffeomorphism 
onto its image, then for every compact subset K C O in Vt, there exists N e N such that, 
for n ^ N, the restriction of f n to K is injective. 

Finally, we have a result concerning the surjectivity of the limit of a sequence of functions: 
Lemma 2.4 

Let O C M n be an open set. Let (/ n )neN : ^ ~" *■ be such that for every n, the 
function f n is a homeomorphism onto its image. If there exists a local homeomorphism 
fo : Q — > M. n such that (/ n )neN converges to fo locally uniformly, then, for every compact 
subset K C /o (O) in the image of O under f , there exists N e N such that for n ^ iV: 

KCf n (Q). 

The interested reader may find a discussion and proofs of these results in the appendix A 
of[ll]. 

o 
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3 The Unitary Bundle of a Riemannian Manifold. 

3.1 Geometrie Structures Over TM. 

Let Mbea Riemannian manifold. We define tt : TM — > M to be the canonical projection 
of the tangent space of M onto M. We denote by HTM C TTM the horizontál bundle 
of the Levi-Civita covariant derivative of M. We denote by VTM C TTM the vertical 
bundle over TM. To be precise, VTM is defined to be the kernel in TTM of the projection 
7r. The tangent bundle to TM is the direct sum of these two subbundles: 

TTM = HTM © VTM. 

Each of HTM and VTM is canonically isomorphic to n*TM. We denote by zh (resp. 
iv), which is a section of End(iTTM, n*TM) (resp. End(VTM, 7r*TM)), the canonical 
isomorphism sending HTM (resp. VTM) to n*TM. We obtain the following isomorphism: 

i H ®iv- TTM -> n*TM © tt*TM. 

For every pair of vector fields 1,7 e T(M, TM) over M we define the vector field {X, Y} 
over TM by: 

(ŽH©^)({X,Y}) = (7r*X,7r*Y). 

Trivially, every vector field over TM may be expressed (at least locally) in terms of a linear 
combination of such vector fields. In the same way, for a given point p G M in M and for 
a given triplet of vectors X, Y, q G T p M over p, we may define {X, Y} q G T q TM by: 

(i ff ©iv) í {x,y} í = (7r*x,7r*y). 

Finally, for a given vector field X over M, we may define X H and X v by: 

X" ={X,0}, 
X v ={0,X}. 

3.2 Geometrie Structures Over UM. 

For M a Riemannian manifold, we define UM, the unitary bundle over M by: 

UM = {X G TM | ||X|| = 1}. 

We define the tautological vector fields T H and T v over the tangent space TM to M 
by: 

2^(9) ={4,0} g , 

Let i : Í7M — > TM be the canonical embedding. Let HUM (resp. VUM) be the restriction 
of HTM (resp. VTM) to Č7M: 

ířC/M = i* HTM, 
VUM = i*VTM. 
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The section i*T H (resp. i*T v ) is nowhere vanishing. It consequently defines a one dimen- 
sional subbundle of HUM (resp. VUM). In order to simplify the notation we will also 
denote this section by T H (resp. T v ). We denote the one dimensional subbundle that it 
generates by (q)H (resp. (q)v)- We derme the subbundles (q)jj and (q) v of HUM and 
VU M respectively by: 

<«>Íř = (T H )\ 

(q) v =(T V ) ± . 

Since parallel transport preserves the lengths of vectors and thus sends UM onto itself, 
the immersion i induces the following isomorphism of vector bundles: 

i* : TUM -> HUM © (q) v . 

In order to simplify the notation, we consider HUM, (q)jj and (q)y as subbundles of 
TUM. In particular, we defme WUM by: 

The subbundle WUM defines, in fact, a contact structure over UM, and we will conse- 
quently refer to it as the contact bundle over UM. In the sequel we will denote the 
bundles HUM, VUM, WUM etc. by H, V, W etc. For k > 0, we write v = \fk and we 
define the metric g v over TTM such that, for every pair of vector fields 1,7 G T(M, TM) 
over M we have: 

^({X, Y} , {X, Y}) = (X, X) + v-^Y, Y). 

We denote also by g v the metric induced over UM by g v and the canonical embedding of 
UM into TM. 

From now on, we will suppose that M is oriented and three dimensional. This allows us 
to canonically identify TM and TM A TM and consequently to define a vector product A 
over TM. We then define the canonical complex structures J H (resp. J v ) over (q)j^ 
(resp. (q)y) such that for every q G Č7M and for every vector X orthogonal to q: 

J?{X,0} q ={qAX,0} q , 
J?{0,X} q ={0,qAX} q . 

In order to simplify notation we refer to both J H and J v by J . We define the isomorphism 
j : HTM -> FTM by: 

j = z" 1 o i H . 

This isometry sends onto (q)y and consequently (5)^ onto (q)y. Moreover, we 

trivially obtain the following commutative diagram: 
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We define the complex structure J v over W = {q)jj® {q)y by: 

j V _ ( o r x v- x J 

~\jvJ 

J u is compatible with the metric g v over W . In the sequel, in order to simplify the notation, 
we identify (q)jj and (q)y through the isomorphism j, and we thus write: 

ju _ ( v- 1 J 
J ~\uJ 

By composing this form with the orthogonal projection of TUM onto W, we may extend 
it to a form defined on TUM. 

Let gbea point in UM. Let E C W q be a plane in W q . We say that S is the graph of the 
matrix A over (q)jj if and only if: 

E = {{V,AV}\Veq ± }. 

We say that the plane E is k-complex if and only if it is stable under the action of J v . 
In this case, if it is the graph of a matrix A, we may trivially show that A is symmetric. 
The plane E is then said to be positive if and only if it is the graph of a positive defmite 
matrix. 

3.3 Holomorphic Curves, k-Surfaces. 

Let M be a compact oriented three dimensional Riemannian manifold and let E = (S, i) 
be a convex hypersurface immersed in M. Let be the normál exterior vector field to 
E. We define the Gauss lifting E = (S, i) of E by: 

(5,Í) = (5,N E ). 

For k > 0, we say that E is a k-surface if and only if E is complete and the Gaussian 
curvature of E is always equal to k. 

We say that E is a k-holomorphic curve if and only if all its tangent planeš are k-complex 
planeš, and we say that it is positive if and only if all its tangent planeš are positive. 

These concepts are related by the following elementary result: 

Lemma 3.1 

Let M be an oriented three dimensional Riemannian manifold. Let E = (S, i) be a convex 
hypersurface immersed in M. E is a k-surface if and only if E use a complete positive 
k-holomorphic curve. 

Proof: See, for example [4]. □ 



o 
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4 Complex Structures of k-Surfaces in h 3 . 

4.1 Deňnitions. 

Let H 3 be three dimensional hyperbolic space of constant negative curvature equal to — 1. 
Let <9ooIHI 3 be the ideál boundary of H 3 . Let Exp : TM 3 — > H 3 be the exponential mapping. 
We define the Gauss-Minkowski application ~n : UM 3 — > dooEI 3 such that, for every 

u G um 3 -. 

~n(u) = Lim Exp(ťu). 

Let p G H 3 be an arbitrary point in H 3 . The restriction of n to the fibre over p gives 
a bijection between this fibre and d^M 3 . This bijection permits us to give d^M 3 the 
topological structure of a 2-sphere. This topological structure is independant of the point 
p chosen. 

We identify H 3 with C x R+ and UB 3 with H 3 x E 2 where E 2 C IR 3 denotes the two 
dimensional sphere. We will denote these identifications by i and i respectively. In this 
model, the geodesics in H 3 coincide with the oriented vertical lineš and the oriented vertical 
half circles centred on points contained in C = C x {0}. Moreover, two geodesics are 
asymptotic (i.e. they tend towards the same point at infinity) if and only if they terminate 
at the same point in C = C U {oo} and we thus obtain an identification between dooM 3 
and C. If we denote by p the stereographic projection of E 2 onto the extended complex 
plane, a little Euclidian geometry permits us to show that p coincides with ~n o V 1 . More 
precisely, if we define p : M 3 x E 2 — > C by: 

p((z,\),x) =z + —^ — (x 1 ,x 2 ), 
1 - x 3 

then, for every p G H 3 , the following diagram commutes: 

UB 3 ^ ^dooU 3 

(C x R+) x E 2 v - Č 

It follows that, for every p G H 3 , the complex structure induced over dooHI 3 by (Tť^) -1 and 
the complex structure over UpM 3 coincides with the complex structure induced by and 
the conformal structure of C. Since this latter structure does not depend on p, it follows 
that the bijection !t p allows us to canonically furnish d^M 3 with the complex structure 
of the Riemann sphere in such a manner that this bijection is conformal. 

4.2 More Complex Structures. 

In this section we will study in greater depth the relationship between the conformal 
structure that we have constructed over W and the canonical conformal structure over 
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<9ooIHI 3 = C. As in the previous section, we will identify H 3 with C x R+ and we will denote 
this identification by i : M 3 — > C x R+. We define the point P G H 3 by: 

Po = (0,1). 

By definition, the application Ti : TM 3 — > T(C x R + ) is an isomorphism. Using Ti, we 
obtain an embedding of UM 3 inside T(C x R+) ~(Cx R+) x (C x 1), and we shall refer 
to the image of this embedding also by UM 3 . 

We define the vector field N over C x R + by: 

N(z,y) = (0,-y) {etV) . 

N is a, vector field contained in UM 3 . Indeed, if we denote respectively by || • \\^3 and || • ||e 
the hyperbolic and Euclidian norms over C x R + , we obtain: 




We define the vector fields <9i, d 2 over C x R+ by: 

dí(z,y) =(l,0) {Zjy) , 
d 2 (z,y) =(i,0)( z , v ). 

By considering each of d\, d 2 as mappings from C x W + to T(C x R+) ~ (Cx R + ) x (C x R), 
we obtain: 

TN-d 1 =((l,0),(0,0)) (( ^ ))(0 ,_ í/ )), 
TN-d 2 =((i,0),(0,0)) (( ^ ))(0 ,_ í/ )). 

Let V be the Levi-Civita covariant derivative over H 3 and let uj be the connection 2-form 
of V. For each i G {1,2} we obtain: 

u(di,N) {Zty) =di(z,y), 
^ V dt N =di. 

Let 7v : T(C x R+) -^Cx R+ be the canonical projection. We have: 

(iv^VíhN)^) = ((0, 0), (1, 0))^^), 
(iy\*Vd 2 N) N{z , y) = ((0, 0), (z, 0)) N{z , y y 

Let VT(C x R+) be the vertical subbundle of TT(C x R+) associated to ir. Let n v : 
TT(C x R+) be the orthogonal projection of TT(C x R+) into VT(C x R+). For each 
i G {1, 2}, we obtain: 

(tt v ■ TN ■ di)(z, y) = (iy\*V dt N) N ^ y) . 
It follows that the horizontál bundle of V at N(z,y) is given by: 

H N(z , y) = (((1, 0), (-1, 0)) Niz , y) , ((z, 0), (-i, 0)) N{z , y) ). 
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Consequently, for every vector Xp over P which is orthogonal to Np, we obtain: 

{Xp,0p} N ( P j = (X, -X)jv(p). 

Let ~n : UM 3 — > <9ooIHI 3 be the Gauss-Minkowski application. If we define i as in the 
previous section, we obtain: 

Consequently: 

"^(— (z,a)) = ^ + y— r( x i' X 2)- 

For every X G C, we define Xp G TpH by Xp = (X, 0)p and we obtain: 



Tli N {P) ■ {0,X P } N ( P) = Tň > (( 0il)) (o _i))(0,X) iV (p) 

= (§*)o. 

At the same time, we obtain: 

TJi N {P) ■ {X P , 0} N{P) = Tň > ((0 ,i),(o,-i))(^, -X) A r ( p) 

= (X - iX) 
= (POo- 

It follows that the restriction of T~řt to Wjv(p) is conformal relative the conformal struc- 
ture J 1 which we defined in the previous section. In otherwords, the following diagram 
commutes: 



W 



N(P) 



J N(P) 



w, 



n jv(p) 



N(P) 



Tlí 



N(P) 



T C 



T C 



By the homogeneity of UM 3 , it follows that T~n is conformal over the whole of W. We 
now obtain the following result for J u in generál: 

Lemma 4.1 

Let v G (0, 1) be a positive reál number less than 1. Let us defíne k by k = v 2 . Let E C W 
be a positive k-complex plane in W . The restriction of T~n to E is k-quasiconformal, 
where k = v 2 . 

Proof: Since UM 3 is homogeneous, we may suppose that there exists A G IR\{0} such that 
E is the subspace of Tn^UW 3 generated by the vectors {1, A} and J u {1, A}. Moreover, 
since E is positive, we may suppose that A > 0. We obtain: 



TTt N (P) • {1, \} N{P) = 7^(1 + A)o- 
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At the same time, we have: 



= f(z/ + z/" 1 A) . 



Since A G (O, oo) and v G (0, 1), we have: 



^ < 



z/ + z/ _1 A 
1 + A 



< v~ 



Consequently, there exists q^iy^v x ) such that if we denně Qe by: 



-i > 



then the following diagram commutes: 



J N(P) 



Tn 



N(P) 



T C- 



Tn 



N(P) 



■T C 



It thus follows that the restriction of T n to E is k-quasiconformal, where k = z/ 2 , and the 
result follows. □ 

4.3 Quasiconformal Applications. 

In the sequel, we will require the following result which essentially says that, as far as we 
are concerned, the space of quasiconformal mappings has the same compactness properties 
as the space of conformal mappings: 

Lemma 4.2 

Let (/ n ) n6 N : (D, 0) — > (D, 0) be a sequence of k-quasiconformal mappings of the unit disc 
which fíx the origin. There exists a k-quasiconformal mapping fo : (O, 0) — > (D, 0) such 
that, after extraction of a subsequence, (/ n )neN tends to fo as n tends to infínity. 

Remark: The proof is an elementary but technical application of classical results concerning 
quasiconformal mappings on the Riemann sphere. Consequently, the reader will not find 
that it provides any enlightenment concerning the sequel. 

Proof: We identify D with the hyperbolic half plane H + and we recall that this identifi- 
cation sends the origin and 1 to z and respectively. For n G N, let [i n be the complex 
dilatation of f n . For all n, we extend \i n to a measurable function fl n defined on the whole 
of C by: ' 

p, n (ž) = H n (z). 
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For all n, let g n : C — > Č be the unique quasiconformal mapping with complex dilatation 
p n which preserves 0, 1 and oo. We define h n : C — > C by: 

The function /i n has the same complex dilatation as g n and also fixes 0, 1 and oo. It 
follows by uniqueness that h n = g n , and consequently that g n preserves IR. Since g n is 
orientation preserving, it follows that g n preserves H + . We may thus compose g n with a 
conformal mapping to obtain a quasiconformal mapping g n whose complex dilatation is p, n 
and which preserves H + and the points i, and —i. By composing this mapping with the 
identification between D and H + , we obtain a quasiconformal mapping f n :C.^C which 
sends O onto itself, fixes 0, 1 and oo and has the same complex dilatation inside ID as /„. 
By the uniqueness of quasiconformal mappings, if follows that there exists a rotation p n 
such that p n o f n coincides with f n in the disc O. 

By theorem II • 5 • 1 of [6], the sequence (/ n )neN constitutes a normál family. It follows 
that there exists a subsequence (/fc„)neN that converges in C to a limit function f . Since 
the image of fo contains at least three different points (being 0, 1 and oo), theorem //• 5 ■ 3 
of [6] allows us to conclude that this function is a quasiconformal mapping and that the 
convergence is uniform over C. 

Since the group of rotations of C is compact, we may suppose that there exists a rotation 
po such that (pfc„)n€N converges towards po as n tends to infinity. Consequently, if we 
define f by: 

fo = Po o /o, 

then it follows that the sequence (fk n )ke~N converges towards fo locally uniformly in D as 
n tends to infinity and the result follows. □ 

o 

5 The Plateau Problém. 

5.1 Deňnitions. 

A Hadamard manifold is a complete, connected and simply connected manifold of neg- 
ative sectional curvature. The manifold H 3 is an example of a 3-dimensional Hadamard 
manifold. In [5], Labourie studies the Plateau problém for constant Gaussian curvature 
hypersurfaces immersed in a Hadamard manifold M. In the language of this páper, a 
Plateau problém is a pair (S, (p) where S is a Riemann surface and ip : S — > dooHI 3 is a 
locally conformal mapping. A solution to this Plateau problém is an immersion i : S — > H 3 
such that the immersed hypersurface (S, i) is a k-surface and, if we denote by i the Gauss 
lifting of i and by Ti the Gauss-Minkowski mapping, then: 

~n o i = <p. 
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5.2 The Space of Solutions. 

We define C to be the set of Gauss liftings of pointed k-surfaces in H 3 : 

£ = |(E,p)|E is a k-surface in M 3 ,p G E j . 

Let 7 be a geodesique in H 3 . We define T 7 , the tube about 7 in UM 3 by: 

T 7 = {n 7(í) G t/ 7(í) H 3 |(íi 7(í) ,a í7 (í)) = 0} . 

We define a tube about 7 to be any complete surface immersed in UM 3 whose image 
coincides with T 7 . We define to be the set of pointed tubes in UM 3 : 

Coo = {(T,p)\T is a tube about a geodesic 7 dans W 3 ,p G T} . 

We define £ to be the union of these two sets: 

C = CVJC 00 . 

The justification for this notation will become clear in the next section. Following [5], we 
will refer to the surfaces contained in as curtain surfaces. 

5.3 The Properties of the Space of Solutions. 

In the sequel, we will require the following results of [5] concerning Plateau problems. We 
quote the theorem 7.3.2 of this páper, which is an existence theorem for solutions to the 
Plateau problém: 

Theorem 5.1 [Labourie, 2000] Existence of Solutions. 

Let S be a surface and let cp : S — > dooM 3 be a local homeomorphism. If O is a relatively 
compact open subset of S, then there exists a solution to the Plateau problém (O, <p). 

The theorem 7.2.1 of the same páper gives us uniqueness as well as some information 
concerning the structure of solutions to the Plateau problém: 

Theorem 5.2 [Labourie, 2000] Structure of Solutions. 

There exists at most one solution to the Plateau problém. Moreover, let E = (S, i) be a 
k-surface in H 3 and let E = (S, i) be its Gauss lifting. Defíne tp by tp = n o i such that 
i is the solution to the Plateau problém (S,(p). Let O by an open subset of S. There 
exists a solution to the Plateau problém (O, (p) which is a graph over O in the extension 
of E. In otherwords, there exists f : O — > M + such that the solution coincides (up to 
reparametrisation) with (íž, Exp(/AT S )). 

Finally, as a compactness result, we use the principál result of [4], which translates into 
our framework as follows: 

Theorem 5.3 [Labourie, 2000] Compactness. 

Let (E n ) n€ N = (5n,^n)neN be a sequence of k-surfaces in M 3 and, for every n, let E n = 
(S n ,i n ) be the Gauss lifting of E n . For every n, let p n G S n be an arbitrary point of S n . 
If there exists a compact subset K C UM 3 such that i n {p n ) G K for every n, then there 
exists (Eo,po) G £ = £U£oo such that, after extraction of a subsequence, (E n ,p n ) n£ N 
converges to (Eo,po) m t>he Cheeger / Gromov topology. 
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Remark: We may also obtain this theorem as a speciál case of [9] . 

o 

6 The Schwarz Lemma. 

6.1 A Multitude of Schwarz Lemmas. 

The many different forms of the Schwarz lemma express the elliptic regularity of the gen- 
eralised Cauchy-Riemann equations. By enabling us, under certain conditions, to obtain 
bounds on the derivatives of holomorphic functions, the Schwarz lemma provides us with 
important compactness results for certain families of such functions. 

In this section, we prove a version of the Schwarz lemma which is adapted to the Cheeger/ 
Gromov topology: 

Lemma 6.1 

Let (S n , g n , p n , cu n ) n6 N be a sequence of complete oriented pointed surfaces. Suppose that 
this sequence converges towards a complete oriented pointed surface (So, go,Po, u^o)- For 
all n, let J n be the unique complex structure generated over S n by g n and ui n . 

For all n, let (p n : (S n ,J n ) — > O be a holomorphic mapping. There exists a holomorphic 
mapping <po '■ (So, Jo) © such that, aíter extraction of a subsequence, (<^ n )n€N converges 
to (p . 

In otherwords, if (VvOneN JS a sequence of convergence mappings for (S n , g n -,Pn)n<m with 
respect to (S ,go,Po), then for every compact subset K of S there exists N e N such 
that: 

(i) for all n ^ N, the restriction of (p n o ip n to K is smooth, and 

(ii) (4> n o ifj n ) n ^N converges to 4>q in the C°° topology over K. 

In order to prove this result, we require the following lemma concerning conformal repre- 
sentations which is interesting in its own right: 

Lemma 6.2 

Let O C l 2 be an open set in R 2 containing the origin. Let D C O be a disc centred on 
the origin whose closure is contained within O. Let (g n )nen be a sequence of metrics over 
O which tends towards a metric go in the C^ c topology. For every n, let J n be the almost 
complex structure over O generated by g n and the canonical orient ation ofM. 2 . 

For every n, let f n : (D, 0) — > (D, 0, J n ) be the conformal representation of (D,0, J n ). 
There exists a sequence of rotations (-R n )neN of O and a mapping fo such that (f n o i? n ) n€N 
converges towards fo in the C°° topology over O 
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We will use the following existing version of the Schwarz lemma, where the target manifold 
is of dimension 2: 

Lemma 6.3 Schwarz Lemma. 

Let O C R 2 be an open set in R 2 and let (J n )neN and Jo be (almost) complex structures 
over O such that (J n )nen tends towards Jq in the C^ c topology over O. 

Let K C O be compact and let (/ n )neN : O ^ fi be a sequence of mappings such that: 

(i) for every n, the mapping f n is holomorphic with respect to the complex structure J n , 
and 

(ii) for every n, the image of f n is contained within K. 

There exists a (possibly constant) mapping fo:3^íl such that, after extraction of a 
subsequence, (/ n )neN converges to fo locally uniformly C^ c topology over O. 

Remark: The Schwarz lemma in dimension 2 has simpler hypotheses than in the generál 
case, since, firstly, every 2-form over a two dimensional manifold is closed, and, secondly, 
conformal metrics over open subsets of R 2 are unique up to multiplication by positive 
functions. 

Remark: A more generál statement of this lemma, along with a proof, may be found in [7] . 
6.2 Convergence of Conformal Representations. 

We begin by recalling two elementary technical lemmas which are proven by Labourie in 
[4] . For a function / : D — > S defined on the Poincaré disc and taking values in an arbitrary 
surface, we define /(<9B) to be the set of all points which may be obtained as limits of 
sequences (f(x n )) ne ^ where (x n ) ne ^ is a sequence of points in O which tends towards <9B. 

We obtain the following result: 

Lemma 6.4 

With the hypotheses of lemma 6.3, we suppose moreover that there exists e > such that 
for every n: 

d n (/n(0D),/ n (O)) >e. 
Then the mapping f is not constant. 

Remark: Indeed, if fo is constant, then, for all r G (0,1), for sufficiently large n, the 
mapping f n sends the circle {\z\ = r} into the ball of rádius e/2 about / n (0). Consequently, 
for sufhcently large n, / n ({|<z| = r}) is separated from / n (<9B) by a distance of at least e/2. 
Thus, it follows that for sufficiently large n, f n stretches the ring {r < \z\ < 1} into a ring 
of "width" at least e/2. We now obtain the result by considering modules of rings. 

Lemma 6.5 

With the hypotheses of lemma 6.3, the set fo(dH)) is contained in the Haussdorf limit of 
fn(dB). 
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We now pro ve lemma 6.2 : 

Proof of lemma 6.2: For every n, since (D, J n ) is contained in a larger disc, it following 
that (.D, J n ) is of hyperbolic type, and consequently that f n exists for every n. There exists 
a compact set K C O such that -D is always contained in K. Thus, by lemma 6.3, there 
exists a subsequence (fk n )nen an d a (possibly constant) pointed holomorphic application 
fo : (O, 0) — > (Z), 0, Jo) such that (/fe„)neN converges towards /o i n the C^ c topology over 
O. 

There exists e > such that, for every n: 

d n (f n (dB),f n (0))že. 
Consequently, by lemma 6.4, the mapping fo is not constant. 

For every p G D, there exists k G N and smooth mappings (p : (C, 0) — > (C,p) and 
-0 : (O, fo(p)) — > (C, 0) such that ip o f o ip is defined in -82(0) and the following diagram 
commutes: 

£ 2 (0) 




For every n, we define a n by: 



«n = V> /fc„ V- 



Let || • || o be the Euclidian norm over C and let i : 5" 1 — > C be the canonical embedding of 
the unit circle into C. We see that ||q!o(^)||o = 1 f° r every z in S . Since a n — > ao as n 
tends to infinity, for all sufnciently large n we obtain: 

\\a n (z) - a (z)\\ < 1 Vz G S 11 . 



It follows that, for all sufnciently large n, the curve a n o i is homotopic to «o i in C \ {0}. 
Since every a n is a diffeomorphism onto its image, it follows that k is equal to 1. The 
function fo is thus everywhere a local diffeomorphism. 

By lemma 2.2, the mapping f is injective. 

By lemma 6.5, the set /o(<9B) is contained in the Haussdorf limit of (fk n (c®))n€N- However, 
since, for every n, the mapping fk n is a diffeomorphism, it follows that fk n (<9D) is contained 
in dD. Consequently: 

f (a©) c a/j. 

We may now show that fo is bijective. Indeed, /o(D) is a closed subset of D. However, 
since fo is a non-constant holomorphic mapping, by the open mapping principál, /o (ID)) 
is an open subset of D. Since this subset is trivially non-empty, it follows that /o (O) 
coincides with D, and the surjectivity follows. 
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The mapping fo is thus a conformal representation of (D,0,Jq). Let us suppose that 
Df o(0) oc Id and let {R n ) ne n be a sequence of rotations of D such that, for every n: 

D(f n oR n )(0)^ld. 

By uniqueness of conformal representations, we see that every subsequence of (/ n °-Rn)neN 
contains a subsubsequence which converges towards fo- It thus follows that (f n o _R n ) neN 
converges itself towards fo and the result follows. □ 

Proposition 6.6 

Let (E n ) n6 N = (S n , ,g n , o; n , p n ) n£ N be a sequence of pointed surfaces which converges to 
the pointed surface £0 = (^o, 9o, <^o,Po)- -Let R > be such that the injectivity rádius of 
E about po is strictly greater than R. For every n, let f n : (D, 0) — > (B R (p n ),p n ) be the 
conformal representation of (B R {p n ) , p n ) . There exists a sequence of rotations (R n ) ne ^ of 
O such that (f n o R n ) ne ^ converges towards fo in the C^ c topology over D. 

Proof: Let e > be such that the injectivity rádius of So is greater than R + 2e. We may 
suppose that there exists (<£> n )neN : So — > (E n ) n£ N such that: 

(i) for every n, the restriction of <p n to B R+ 2 e (p n ) is a diffeomorphism, and 

(ii) (tp^g n ) neN converges to g in the CgJ. topology. 
For every n, let A n e End(T Po< So) be such that: 

A* n <p* n g n (0)=g o (0). 

We may suppose that (A n ) ne ^ tends towards Id. For all sufficiently large n, we may define 
the exponential mapping Exp n : A n (B R+e (Q)) — > So from T po So onto So with respect to 
the metric <p* n g n . Since {ip* n g n ) nen converges to g in the C™ c topology over B R+2e (p ), it 
follows that (Exp n o A n ) n£ N converges to Exp in the C^ c topology over B R+e (0). 

If we define Exp n to be the exponential mapping of (S n ,g n ) about p n , we obtain the 
following commutative diagram: 

B R+Ě (0) C T Pn S n ^ - B R+Ě (p n ) C S n 

S ň+e (0) C T Po S Exp "° A " > Im(B R+e (p )) C S 

For every n, let us denote ^ n = (Exp n oA n )*</?* <7 n and for n = we define (70 = Exp^o- The 
sequence (^ n )neN converges towards #0 m the C^ c topology over B R+e (0). In particular, 
for sufficiently large n, the metric g n is non-degenerate in a neighbourhood of the closed 
ball B R (0). Moreover, by lemma 2.3, for sufficiently large n, the injectivity rádius of S n 
is greater than R. 

For all n, let f n be the conformal representation of (B R (0), 0,g n ). For sufficiently large 
n, the restriction of (p n o Exp n o A n to B R (0) is a well defined diffeomorphism onto its 
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image. By composing f n with a rotation if necessary, we obtain the following commutative 
diagram: 

© f - B R ( Pn )CS n 



Br(0) C T Po S Exp "° A " >lm(B R (p )) C S 
In other words, for every n: 

(p n o (Exp n o A n ) o f n = f n . 
In the case where n = 0, we obtain: 

Exp o /o = / . 

By the preceeding lemma, there exists a sequence of rotations (_R n ) ne pj of D such that: 

fn°R n _ -> /o as n -> oo 

=>> (Exp n o A n ) o f n oR n -> Exp o /o as n -> oo 
^ ^IŠh +£ ( P o) ° fn°Rn -> /o as n ^ OO. 

The result now follows. □ 

We now obtain lemma 6.1 as a corollary: 

Proof of lemma 6.1: Let (/o be a point in So. Let (ř/ n )neN G (5n)neN be a sequence of 
points that converges to qo. Let p be strictly less than the injectivity rádius of Sq about 
qo. By the common sense lemma 2.3, for all sumciently large n, we may assume that p is 
less than the injectivity rádius of S n about q n . 

For all n G N U {0}, let a n : (D, 0) — > (B p (q n ),q n ) be the conformal representation of 
B p (q n ). By the preceeding proposition, there exists a sequence of rotations (i? n ) n£ N of D 
such that (a n o R n ) neN converges to a in the C^ c topology over D. 

Since (heuristically) the mapping which sends a function to its inverse is continuous in the 
C]£ c topology (common sense lemma 2.1), it follows that (a n o R n )~^ converges to a^ 1 
in the Cfo c topology over B p (q ). In otherwords, if (i/vOneN is a sequence of convergence 
mappings of (S n ,p n ) n ^ with respect to (So,po), then, for every compact subset K of 
B p (q ) there exists a whole number N such that: 

(i) for all n^N: 

MK) C {a n oR n )(B), 

(ii) the restriction of (a n o o ^> n is smooth, and 

(ih)the sequence ((a„ o i? n ) _1 o ip n ) n ^N converges to oíq -1 in the C^ c topology over K. 
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By the classical Schwarz lemma, there exists a (possibly constant) function fo : D — > D 
such that, after extraction of a subsequence: 

We define V>o, 90 b Y : 

^o.go = /o ° "o" 1 - 

If X is a compact subset of B p (qo) then, for all sumciently large n: 

= (0n o («n o i?n)) ° (("n ° i?^) ^u)\k 

Thus, (v? n o ip n ) n ^ N converges to f o a~ 1 = ^ Ojío in the topology over if. 

Since So may be covered by countably many balls of the form B p (q ), the result follows. □ 

o 

7 A Compactness Lemma. 

7.1 Our Framework. 

Let D be the Poincaré disc and let (<^ n ) n6 N7 : ® C be locally conformal mappings such 
that (<^ n ) ne N converges to </? locally uniformly (and consequently in the C^ c topology) 
over D. 

We assume that for all n > 0, there exists a solution j n to the Plateau problém (D, <p n ). 
By theorem 5.2, this solution is unique. 

For all n, let j n be the Gauss lifting of j n . For all n, by lemma 4.1, the metric j*(7^ is 
fc-quasiconformal over D. For all n, let ai n : (D, 0, (7euc) - ► (D, 0, j*g v ) be the conformal 
representation of (D, 0, j*^). For all n, since j*^ is a smooth metric and since any 
almost complex structure over any surface is integrable, the application a n is a smooth k- 
quasiconformal mapping of the Poincaré disc onto itself. By the relative compactness of the 
space of /c-quasiconformal mappings over D (lemma 4.2), there exists a /c-quasiconformal 
mapping «o : (D, 0) — > (D, 0) such that, after extraction of a subsequence, a n converges 
locally uniformly to cto as n tends to infinity. 

For every n, we denote i n = j n o ot n . If we define ~n : Č7HI 3 — > dooHI 3 = C to be the 
Gauss-Minkowski mapping, we obtain the following commutative diagram: 

UM 3 




In other words, (D, i n ) is the solution to the Plateau problém (D, ip n o a n ). In the sequel, 
we shall denote S n = D and E n = (S n , i n ). 
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7.2 The Compactness Result. 

We shall prove the following compactness lemma: 

Lemma 7.1 

Let z G D be an arbitrary point in the Poincaré disc. The set {i n (z)\n G N} is relatively 
compact in H 3 . 

We will prove this result by contradiction. This will require the following lemma: 
Lemma 7.2 

Let (p n ) n6 N G H 3 be a sequence of points which tends towards p G dooM 3 . Let x G H 3 
be an arbitary point. Let (A n ) n£ N be a sequence of automorphisms of M 3 . For every n, 
denote also by A n the action of A n on <9ooEI 3 , and suppose that, for all n: 

A n p n = xq, 

AnPO =P0- 

There exists a subsequence (-í4fc„) n eN which converges locally uniformly in the complement 
of p in d^M 3 to a constant mapping. 

Remark: It is trivial that every A n is uniquely defined modulo post-composition by a 
rotation about the unique geodesique linking xq to po. 

Proof: We first identify H 3 and <9ooIHI 3 with the positive half-space in M 3 and the extended 
complex plane respectively: 

H 3 ~ {( Xl ,X2,x 3 ) G R 3 \x 3 > 0} , 
dM 3 ~R 2 U {oo} . 

Moreover, we may assume that po = oo and that xq = (0, 0, 1). For every n, let us define 

X n = (X ljn , X 2 , n , X 3 , n ) by: 

x n Pn- 

Let || • || be the Euclidean metric over M 3 . Since p n — > p as n tends towards infinity, it 
follows that ||x n || tends towards infinity as n tends to infinity. For every n, we denote 
X n = ||x n ||, and we define the mapping M n by: 

x 

M n x = — . 

We denote also by M n the action of M n on dooHI 3 . Let 6 by an automorphism of H 3 
which preserves to point (0, 0, 1) and which sends the (Euclidien) hemisphere of unit rádius 
centred on the origin onto a vertical half plane. For every n, there exists a rotation \ř n 
about the axis (0, oo) such that (O • \ř n • M n )x n is a point directly above the point (0, 0, 1). 
For every n, we thus define p n G (0, oo) such that: 

(e-* n -M n ) Xn = (o,o, /v), 
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and we denně A n by: 

1 

A n x = — x 

The mapping A n sends (0 • \ř n • A n )x n onto (0, 0, 1). For all n G N, we define iV n by: 

iV n = (6-vl/ n )- 1 A n (e-vl/ n )- 

As for (M n ) n£ N, for every n, we denote also by N n the action of N n on SoqH 3 . Let O be 
unit disc about the origin in the horizontál plane passing through the origin (which we 
identify with dooM?). O is preserved by \l/ n for every n. The mapping O then sends it to 
a half plane which is in turn preserved by A n for every n. Consequently, for every n, the 
mapping N n , being a composite of these mappings, preserves O. 

Let R > be a positive real number. Let iV G N be such that for n ^ iV: 

A n > i?. 

For n > iV, the set M n (i?i?(0)) is contained in D, and consequently iV n o M n (Bn(0)) is 
also contained in D. Since, for all n, the mapping N n o M n is an isometry, it follows that 
the action of N n o M n on dooHI 3 = C is conformal. By the classical Schwarz lemma, we 
may suppose that the restriction of (N n o M n ) ne ^ to Br(0) converges in the C^ c topology 
over Br(0) to a holomorphic mapping taking values in D. Since R > is arbitrary, we 
may assume that (iV n o M n ) ne ^ converges in the C^ c topology over C to a holomorphic 
mapping taking values in D, which is consequently constant by Liouville's principál. 

For all n, there exists a rotation R n , about xq such that: 

A n = R n o N n o M n . 

Since SO(3) is compact, we may assume that there exists a rotation R such that (R n ) ne fq 
tends towards Rq as n tends to infinity. Consequently, after extraction of a subsequence, 
the restriction of (A n ) ne ^ to C converges in the C^ c topology over C to a constant function, 
and the result follows. □ 

The following lemma places preliminary restrictions on the position of i n (z) for every n: 
Lemma 7.3 

Let z G © be an arbitrary point. There exists a neighbourhood O of ip oa (z) in H 3 U dooIHI 3 
such that, for all n: 

i n (z) G" O. 

Proof: Let UCH) and V a C d^B 3 = C be open sets such that: 

(i) z G U, 

(ii) V a is a disc about ipo(z) in C, and 

(iii) the mapping (p sends U diffeomorphically onto V a . 
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Let Vb be another disc about <po(z) in Č whose closure is strictly contained within V a . 
Since (</7 n ) n€ N converges towards <po locally uniformly, by common sense lemma 2.4, for 
all sufficiently large n, we have: 

V b C <p n (U) 

Since (</?n)neN tends towards <po m the topology, by common sense lemma 2.3, re- 
stricting U if necessary, we may assume that for all sumciently large n, the restriction of 
(p n to U is a diffeomorphism onto its image. It follows that for all sumciently large n, there 
exists an open set U n contained in U such that (p n sends U n diffeomorphically onto Vb. 

Since (a n ) n6 N tends towards «o as n tends to infinity, for all sumciently large n, the point 
a n (z) is contained in U. Since (</? n oa n ) n(EN converges towards </?o OQí o as n tends to infinity, 
for all sufficiently large n, we have: 

(<p n o a n )(z) E V b . 
Consequently, by injectivity, a n (z) is in U n . 

For all large n, the Plateau problém (£/" n , </? n ) is equivalent (up to reparametrisation) to the 
problém (Vb, i), where i : Vb — > C is the canonical embedding of Vj, into C. The solution to 
this problém is a hypersurface equidistant to a complete totally geodesic surface contained 
in H 3 . It follows that this solution is the boundary of a concave open set Q in H 3 U d^M 3 
which contains (ipo o oto)(z). Using the identification of H 3 with the upper half space in 
IR 3 , let H be a (Euclidian) hemisphere centred on (ipo o oto)(z) and contained in Q. Let 
O' be the interior of H. For all p 6 fi' and for all g e dooťL' , the unique geodesique in H 3 
going from p to q stays in the interior of H, and consequently does not intersect <9fž. 

For all sufficiently large n, let 7 n be the geodesique in H 3 such that: 

(<9t7n)(0) = (j n o a n ){z). 

By Labourie's uniqueness theorem (theorem 5.2) the boundary of Q is a graph over U n in 
the extension of S n . It follows that 7 n intersects this boundary. However, for all sufficiently 
large n, the point (<p n o a n )(z) is contained in ó^ooíž' and consequently (j n o a n )(2) is in 
the exterior of H. 

Consequently, for all sufficiently large n: 

(jn O Oí n )(z) £ O', 

and the result follows. □ 

We are now in a position to prove lemma 7.1: 

Proof of lemma 7.1: We will assume the contrary in order to obtain a contradiction. 

Let us denote q = (</?o ° «o)(-2)- By compactness, we may suppose that there exists 
p G 9ooH 3 such that i n (z) — > p as n tends to infinity. By the preceeding lemma p ^ q. 
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Let xo € H 3 be an arbitrary point. Let (A n ) ne ^ be a sequence of isometries of H 3 such 
that, for all n: 

A n Í n (p n ) = Xo, 
A n P0 =P0- 

For all n, we will note also by A n the actions of A n over UM 3 and d^M 3 = C. 

For all n, we define the application k n by k n = A n oi n , and we define the immersed surface 
Yi' n by Yi' n = (S n ,k n ). For all n, the immersed surface T,' n is the unique solution to the 
Plateau problém (S n , A n o^ n o a n ). Let Ti' n = (S n , k n ) be the Gauss lifting of E^. For all 
n, we define p n by p n = z. 

Since {/^(Pn)!^ £ N} is relatively compact in H 3 , by Labourie's compactness theorem 
(theorem 5.3) we may assume that there exists a pointed immersed surface E = (So, /co, Po) 
in UM 3 such that (E^,p n ) n€ N converges to (E ,p ) in the Cheeger/Gromov topology. 

For all n, let p n : (S n ,p n ) — > (D, 2) be the tautological diffeomorphism. In particular, we 
have: 

Pn(Pn) = Z. 

We obtain the following commutative diagram: 

(O,0)- ^ (S n , Pn ) 

(d,o) — — - a^e 3 

By the Cheeger/Gromov adapted Schwarz lemma (lemma 6.1), we may assume that there 
exists a (possibly constant) holomorphic mapping po '■ So O such that (p n )nef>i tends 
towards p in the C^ c topology. 

By lemma 7.2 the sequence (A n ) ne ^ converges locally uniformly in the complement of p in 
docM 3 to a constant mapping. Consequently (A n oi^ n ) neK converges locally uniformly in the 
complement of </?q 1 ({p}) in D to a constant mapping. It then follows that (A n oip n oa n ) ne ^ 
converges in the complement of (</?o oa o)~ 1 ({p}) in D to a constant mapping. Let us define 
O by: 

O = D\(^ oa )" 1 (M). 

Since (ifn o a n )(z) = q for all n, it follows that (</?o ®o)(z) = <?, and, in particular that 
z G O. However, since p n (Pn) = z for all n, we may suppose that there exists e > such 
that p n (B e (p n )) C O for all n. It follows that (A n o ip n o a n o /U n ) n6 N converges uniformly 
over B e (p Q ) towards a constant mapping. However, for all n: 

A n o (p n o « n o p n = ~n o fc n . 

By taking limits, we find that Ti oko is constant over B e (0). We thus obtain a contradiction, 
and the result follows. □ 
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7.3 Precompactness. 

We now obtain a result concerning the precompactness of the family {i n \n G N} over D: 
Lemme 7.4 

There exists an immersion Íq : O — > Č7IH 3 such that, after extraction of a subsequence, 
(ž„) n6 N converges towards iq in the C^ c topology over O. Moreover, i^g 1 * defínes a complete 
metric over D. 

Proof: Let z G D be an arbitrary point. For all n, let us denote p n = 2. For all n, let 
S n = (S n , i n ) be the Gauss lifting of S n . We furnish the surface 5 n with the metric i* n g v ■ 
By lemma 7.1, the set {£(p n )|^ G N} is precompact in UM 3 . By Labourie's compactness 
theorem (theorem 5.3), we may consequently assume that there exists a pointed immersed 
surface (E z ,p z ) = {S z ,i' z ,p z ) such that (S n ,p n ) n6 N converges to (E z ,p z ) as n tends to 
infinity. 

For all n, let fi n : S n — > D be the tautological diffeomorphism. In particular, for every n: 

A»n(Pn) = Z. 

Moreover, for every n, the mapping \i n is injective and thus conformal. 

By the Cheeger/Gromov adapted Schwarz lemma (lemma 6.1), there exists a (possibly 
constant) holomorphic mapping fi z : S z — > D such that, after extraction of a subsequence, 
( / u n ) n£ N converges towards in the topology. 

Let n be the Gauss/Minkowski mapping which sends UM 3 to dooH 3 . For all n, we have: 

(p n o a n o ix n = ~n o i n . 
Thus, by taking limits, we obtain: 

ipo o a o [i z = ~n o Žq. 

In particular ^0 is locally conformal (i.e., it is every a local homeomorphism) . By common 
sense lemma 2.2, the mapping \i z is injective, and consequently conformal. For all n, let 
d n be the distance structure generated over D by the Riemannian metric \i n Sn9 l ' ■ 

Let w be another point in O. We will show that w is in the image of \i z if and only if there 
exists K G M + such that for all n: 

d n (z,w) ^ K. 

Indeed, if such a K exists, then, by compactness, we may suppose that there exists a point 
q G So such that the sequence (//~ 1 (ty)) n6 N converges to q. By continuity: 

fj, z (q) = Lim ^(^(w)) = w. 
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On the other hand, suppose that there exists a point q G S z such that /j, z (qo) = w. Since 
S z is complete, there exists a geodesic *y : I S z going from p z to q which minimises the 
distance between these two points. Let us denote rj = \i z o^. By common sense lemma 2.1, 
the sequence converges in the C^ c topology over rj to p~ l . In otherwords, let 

(^n)neN be a sequence of convergence mappings of the sequence (S n ,p n ) n ^ with respect 
to (So, po). There exists R G M + and N eN such that: 

(i) for n ^ iV, the restriction of the mapping /i n o (j) n to the ball of rádius R about po is 
smoothly invertible, 

(ii) for n ^ N, the geodesic r\ is contained in (/j n o (f) n )(Bn(po)), and 

(iii) the sequence ((/_t n o </> n ) _1 ) neN converges to /íq 1 in the C°° topology over 77. 
For every n, we have: 

Consequently, {p n ^n9 u )nen converges in the C°° topology over 77 to a limit <7o- Thus, if 
for all n we denote by L n the length of r\ with respect to the metric \i n Sn9 v 1 we fi n d that 
the sequence (L n ) ne ^ converges to d z (z,w). Thus, for all n: 

d n (z,w) < SupL n < 00. 

The result now follows. 

Let z' be another point in O and let us construct Yi z > = (S z ', i z ') and \i z > : S z > — > D in the 
same way as we constructed E 2 and [i z . Suppose that Im(/_t z ) D Im(/i 2 /) 7^ 0. Let wbea 
point in this intersection, and let w' be another point in Im(/_i 2 /). There exists K G M + 
such that, for all n: 

d n (z, w),d n (w, z'),d n (z', w') ^ K/3. 

Consequently, for all n: 

d n (z,w') < K. 

It follows that w' G Im(/i z ). Since «/ G Im(/j z /) is arbitrary, we obtain: 

Im(/_i 2 /) C Im(/_t 2 ). 

Consequently, by symmetry: 

Im(/v) = Im(/j 2 ) 

Since, for all z' G D, we have: 

z' G Im(/v), 

we obtain: 

Im(^ 2 ) c = U Im(/_i 2 /). 

2 '6lm( Mz ) c 
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Since lm(fi z ') is an open set for all z' G O, it follows that the complement of Im(// Z ) in O 
is open. However, Im((i z ) is itself an open subset of D, and thus, since it is non empty, it 
follows by connectedness of O that: 

Im(/i z ) = D. 

Consequently, \i z is surjective, and is thus a diffeomorphism. By the common sense lemma 
2.1, the sequence ( / u~ 1 ) n6 N converges to [í~ x in the C™ c topology over D. By composing 
with the sequence (z n ) n€ N, the obtain the desired result. □ 

We define So = S z , iq = i z and E = (So, io). We obtain the following result: 

Corollary 7.5 

There exists io : O — > H 3 such that Žq IS the Gauss lifting of io. Moreover, i is the solution 
to the Plateau problém ^ o a ň . 

Proof: Since Eo is complete, it is in C = £U£oo. Since it is of hyperbolic type (i.e. it 
is conformally equivalent to D), and since all the elements of are parabolic, it follows 
that E is the Gauss lifting of a k-surface E = (Sq,Íq), and the first result follows. Let 
~n : UM 3 — > dooM 3 be the Gauss-Minkowski mapping. For all n, we have: 

° «„ = ~n o % n . 

After taking the limits, we obtain: 

(po ° cto = ° hi 

and the second result follows. □ 

We define jo by jo = io ° ^q 1 , and we obtain the following result: 
Corollary 7.6 

The application jo is the solution to the Plateau problém <po, and the sequence (j n )neN 
converges towards jo in the C^ c topology over D. 

Proof: We know that a n tends to a locally C° as n tends to infinity. As before, we 
denote the Gauss-Minkowski mapping by ~n : UM 3 — > č^ooH 3 . For all n (including n = 0), 
we have: 

¥n° OL n = ll O l n . 

For all n, the application cp n as everywhere locally invertible, and consequently, by abusing 
slightly our notation, we obtain, for every n: 

a n = ol n °in- 

In particular, a is smooth and (ct n ) n6 N converges to «o in the C^ c topology. By common 
sense lemma 2.1, the sequence (a~ 1 ) n6 N converges towards qíq 1 in the C™ c topology over 
D. However, for all n: 
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It thus follows that (j n ) ne ^ converges towards jo in the C^ c topology over D. Finally, let 
us denote by j the Gauss lifting of j . We obtain: 

jo =«o° olq 1 - 
In particular, the metric j^g" is complete, and: 

~n ° jo = ~n ° h ° ač" 1 = Vo- 
lt thus follows that j is the solution to the Plateau problém ip and the result follows. □ 

o 

8 The Main Results. 

8.1 Existence and Continuity. 
Firstly, we obtain the existence result: 
Theorem 1.1 

Let ip : O — > C be locally conformal. Then, for every k G (0,1), there exists a unique 
solution ik : © — > H 3 to tiie Plateau problém (D, with constant Gaussian curvature k. 

Proof: Let (í n )neN £ (0, 1) be such that t n | 1 as n tends to infmity. Let us denote: 

<p„(z) =(f(t n z), 
IfiO = <p. 

By Labourie's existence theorem (theorem 5.1) and Labourie's uniqueness theorem (theo- 
rem 5.2), for every n^O there exists a unique solution j n to the Plateau problém (O, ip n ). 
By the compactness lemma 7.4 and the corollary 7.6 there exists a solution j to the 
Plateau problém (O, (p n ). Finally, by Labourie's uniqueness theorem (theorem 5.2), this 
solution is unique. □ 

Next we obtain continuity: 

Theorem 1.2 

Let k G (0, 1) be a real number between and 1. Let (y n )neN> Vo : D ^ C be locally 
conformal mappings. Let (i n ) n€ N,zo : O — > H 3 be immersions such that, for all n, the 
mapping i n is the unique solution to the Plateau problém (O, <p n ) with constant Gaussian 
curvature k. 

If (</? n ) n€ N converges to <po locally uniformly, then (ž n )n€N converges to Íq in the C^ c 
topology over O. 

Proof: This follows directly from the compactness lemma 7.4, corollary 7.6 and the unique- 
ness of solutions to the Plateau problém. □ 
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8.2 A Homeomorphism. 

Let us denote by Conf(D, C) the space of locally conformal mappings from O into C. 
We furnish this space with the topology of local uniform convergence. Let us denote by 
Ji : UB 3 — > č^ooH 3 = C the Gauss-Minkowski mapping. We define Mk(D) to be the space 
of immersions i : D — > H 3 such that: 

(i) the immersed surface E = (O, i) is a k-surface, and 

(ii) the function n o £ is locally holomorphic over O, or, in other words: 

Tt oie Conf(E), Č). 

The second condition is not as restrictive as it appears. Indeed, let E = (S, i) be a k-surface 
such that S is simply connected let E = (S, i) be its Gauss lifting. The metric g u over UM 
induces a metric í*g v over S. We say that this immersed surface if of hyperbolic type if 
and only if the Riemannian manifold (5, i*g v ) is conformally equivalent to D. We obtain 
the following result: 

Lemme 8.1 

Let E = (S, i) be a k-surface and let E = (£, i) be its Gauss lifting. If E is of hyperbolic 
type, then there exists a diffeomorphism a : D — > S such that: 

~n oto a E Conf(D, Č). 

Proof: Let p : D — > S be the conformal representation of (S 1 , í*g v ). By lemma 4.1, i/^op 
is a k-quasiconformal mapping. It follows that there exists a quasiconformal mapping 
oť : O — > D such that <// = </? o p o a' is conformal. In particular, ip' is smooth and, since ip 
is everywhere a local homeomorphism, by abusing slightly our notation, we obtain: 

po oi = ip~ X O if'. 

It follows that the mapping p o a' is smooth. We thus define a = p o a' and the result 
follows. □ 

It follows that every simply connected k-surface surface is equivalent, modulo reparametri- 
sation to an element of A^fc(lD)). 

Next, we observe that \í e Mkip) and a : (D, 0) — > (D, 0) are such that: 

i' = i o a, 

then a is conformal and is thus a member of SO (2). We may thus identify the space of 
pointed simply connected k-surfaces in H 3 with A< fc (E ) )/SO(2). Similarly, since Aut(D) is 
isomorphic to PSX(2,IR), we may identify the space of simply connected k-surfaces in H 3 
with M k (H))/FSL(2,R). 

We furnish M k (B) with the Č7£> c topology. We define the function V : Conf (D, Č) -> 
Mh^P) such that for every (p e Conf(D, C), the immersion P(<^) is the unique solution to 
the Plateau problém (D, </?). 

Our results may now be summarised by the following lemma: 
Lemma 8.2 

The function V is a homeomorphism. 
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Démonstration : By the existence theorem 1.1, the function V is well defined. By the 
uniqueness of solutions to the Plateau problém, V is injective. Let i G .Mfc(O) be an 
arbitrary immersion in M. k {W), and let i be its Gauss lifting. Let n be the Gauss- 
Minkowski mapping. By definition of .M/^©): 

p = Tt ote Conf(D,C). 

It follows that i is the unique solution to the Plateau problém (D, ip) and we thus obtain 
the surjectivity of V. 

By the continuity theorem 1.2 the function V is continuous. Its inverse is trivially contin- 
uous, and the result follows. □ 

We have thus obtained a description of the moduli space of simply connected k-surfaces 
immersed into H 3 . 

o 
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